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Summary

Lagrangian and Hamiltonian form of a bar under axial loading

Port-Hamiltonian formalism

To go further: the RY case



Summary

Lagrangian and Hamiltonian form of a bar under axial loading



A bar under static tension-compression

d?q

—k@ = f, X € [O, L]7

Y

N
N
~
-

7

q(0) = q(L) =0, bcs. %

k := EA is the axial rigidity and f an external load.
Where does this come from?

1. use Newton’s law in an infinitesimal portion dx

2. or use the

Virtual work principle

For a structure at the equilibrium, the internal virtual work done by internal
stresses equals the external virtual work done by external forces §U = 0 Weyt.




The energetic viewpoint

The elastic energy and external work are given by

L 2 L
U::l/ k<dq> dx, Wext:/ f.qdx.
2 0 dX 0

The virtual work principle implies

L L
ddg dg
k — . f \% h th = L)=0.
/0 T dx dx /0(5q dx, 0q such that 0q(0) =0q(L) =0

This is a weak formulation and it is more general than the previous ODE:

. . : d?
» if the solution is smooth enough, we retrieve —kd—g =f,
X

» otherwise this formulation makes sense in less regular spaces.



Longitudinal waves

Now the inertial effects are included in the problem
pO0q — Ox(kOxq) = f, p is the density per unit length.

To obtain the equation one can use Newton's law or

Hamilton’s principle

Among admissible motions, the actual motion of a system is such that the value
of the integral

to L
S = / (T — U+ Wex)dt, where T = / p(atq)de,
t1 0

is minimized.




Euler Lagrange equations

Euler Lagrange equations

The minimization of S leads to the Euler-Lagrange equations

where the Lagrangian is defined as L := T — U.

The variational derivative % of a functional J(f) = /j(f(x), f'(x)) dx is defined as
Q

L —
0 sk dx o= tim 2E N =IO g
0 (Sf e—0 g




The Hamiltonian formalism

The Hamiltonian (total energy) is the Legendre transform of the Lagrangian

L
H(q, p) = / pg dx—L(q, qg), where p:=dsL is the conjugate momentum.
0

Then the Euler-Lagrange equations are equivalent to

[Z] B [—0/ é] [fsﬂ + [g] g;Zz;i(kaxq),




Finite element discretization

The discrete Lagrangian form reads

L
M,q + Kq =f, where [M,]; = / p Qigjdx.
0

The discrete Hamiltonian equations are given by

q\ _ |0 I |K 0 |/q f R PSR
-1 16 »lowton

\.

Remark: we can equivalently rewrite using the velocity

[(I) '8'] @ - [—Ol (ﬂ [}3 ?] <3> * (2) . H=3v'Mu+ja'Ka



Time integration in Lagrangian dynamics

For Lagrangian dynamics the most well known integrator is the Newmark scheme:

Mya"*! + Kq" =0,

n+1 _ ,n
% =ya"™ 4 (1—7)a",
qn+1 _ qn At
A=V 7(25:;.”“ + (1 —2p3)a").

Two common choices:
> v = %, S = 0: Explicit Newmark (or Leapfrog scheme, or centered differences).

> = %, 8= %: Implicit Newmark.



Time integration in Hamiltonian dynamics

The explicit Newmark scheme is equivalent the Stéormer-Verlet in Hamiltonian

dynamics




Time integration in Hamiltonian dynamics

The implicit Newmark scheme scheme is equivalent to the implicit midpoint

i | 0 pn+1 —p" _ pn+%
At |0 Mp qn+1 _ qn - —an+% )

where p"+% = P"“2+P”’ qn+% — q”“2+q”
1 :
. -,
pn pn+§ pn+1 pn+§ pn+2
q" qn+l anrl qn—l—% qn+2
tn tTH_% tn+1 tn+§ tn+2



Summary

Port-Hamiltonian formalism



Hamiltonian and port-Hamiltonian formulation of a two dof oscillator!

€1 k q1
Y
m a2
P k
Y Y
m

1Schaft and B. M. Maschke, “Port-Hamiltonian Systems on Graphs”.



Hamiltonian and port-Hamiltonian formulation of a two dof oscillator!

Canonical Hamiltonian formulation

e (6) =5 of (k)
e k | @ de \p -1 OJ \%H

v » p=(p1 p2)" =(md1 mg)T" linear momenta;

m 92 » q=(q1 q2)" position of the masses;
1 0
_1 2, 1 2 _
N ) > H = 5k||Dq||* + 5 lIp[|*, where D = [_1 1].
Remark: notice that
Y Y
m

._1 2_1T _ |
U= SK|Dal? = 2a'Ka, K—k[_l 1].

1Schaft and B. M. Maschke, “Port-Hamiltonian Systems on Graphs'.



Hamiltonian and port-Hamiltonian formulation of a two dof oscillator!

NETTTNT Interconnection based formulation
A graph is associated to the system:

€1 k |a » each node corresponds with an inertial elment;
P each edge corresponds to a spring;

m ® D is the coincidence matrix and describes the graph topology

d (p\ _ [0 —D"] (9pH
o k dt \e) |D 0 OcH) "
> = (g 52)T spring elongations;
> H = Zk[lell* + 5 llpl.

1Schaft and B. M. Maschke, “Port-Hamiltonian Systems on Graphs'.



Hamiltonian and port-Hamiltonian formulation of a two dof oscillator!

NN u1 . yl
Springs
€1 k q1
m g2
Masses
€ k y2 uy
Y Y
m This formulation corresponds to a mixed finite element dis-

cretization.

1Schaft and B. M. Maschke, “Port-Hamiltonian Systems on Graphs'.



The port-Hamiltonian formulation for longitudinal waves?

The energy doesn't depend on g but only on its derivative € = 0xq:
1 L p2
H(p,e) = / = 4 ke2dx.
(p.e) =3 )

What if we write the equations using the variables that explicitly appear in the energy?

2yan der Schaft and B. Maschke, “Hamiltonian formulation of distributed-parameter systems
with boundary energy flow”.



The port-Hamiltonian formulation for longitudinal waves?

The energy doesn't depend on g but only on its derivative € = 0xq:

1 L 2
H(p,¢e) = /0 % + ke?dx.

What if we write the equations using the variables that explicitly appear in the energy?

Port-Hamiltonian formulation

Two coupled conservation laws are obtained
9 (e _[0 0 (oH 5HY _ [k 0}(5) Stress o,
ot \p) |0« 0] \6,H)" SpH) 10 p7H \p) " Velocity v.

2yan der Schaft and B. Maschke, “Hamiltonian formulation of distributed-parameter systems
with boundary energy flow”.




The port-Hamiltonian formulation for longitudinal waves?

The energy doesn't depend on g but only on its derivative € = 0xq:

1 L 2
H(p,¢e) = /0 % + ke?dx.

What if we write the equations using the variables that explicitly appear in the energy?

Port-Hamiltonian formulation

The system can be written using velocity and stress only
c 0] 9 (o) _ |0 O (o c:= 1 is the compliance
0 plat \v) |0« 0| \v)’ Tk P ’

2yan der Schaft and B. Maschke, “Hamiltonian formulation of distributed-parameter systems
with boundary energy flow”.




Power balance across the boundary and causalities
Power balance: H = v(L)o(L) — v(0)o(0) = v o - n‘a[o i

Possible causalities



Power balance across the boundary and causalities

Power balance: H = v(L)o(L) — v(0)o(0) = v o - ”‘a[o ik

Possible causalities

Free-free (Neumann):
» Input given by the Neumann condition uy = o - n|3[0’L]
» Output given by the Dirichlet condition yp = v/|gjo

o - n(0) o-n(L)



Power balance across the boundary and causalities

Power balance: H = v(L)o(L) — v(0)o(0) = v o - ”‘a[o ik

Possible causalities

Clamped-clamped (Dirichlet):
» Input given by the Dirichlet condition up = v|3[0’L]
» Qutput given by the Neumann condition yy = o - n|a[07,_]

v(0) v(L)



Power balance across the boundary and causalities

Power balance: H = v(L)o(L) — v(0)o(0) = v o - n‘a[O’L].
Possible causalities
Cantilever (mixed) 9[0,L] =TpUTy
uy =0 -nlr,, YD = Vlry,
up = v|r,, yN =0 - n|rp.

|
Q o-n(L)

v(0)



Discretization via mixed finite elements

The discretization proceeds in three steps®:

» take the weak formulation;
» perform integration by parts (depending on the causality);

P project on a finite element basis.

3Cardoso-Ribeiro, Matignon, and Lefevre, “A partitioned finite element method for
power-preserving discretization of open systems of conservation laws".



Discretization via mixed finite elements

The discretization proceeds in three steps®:

» take the weak formulation;
» perform integration by parts (depending on the causality);

P project on a finite element basis.

Let's introduce the L2 inner product (Q = [0, L]):

L
(f>g)ﬂz/ f-gdx, (fag)aﬂzfg‘”‘é'
0

and the weak formulation:
(£V7 PatV)Q — (£V7 aXO-)Qa
(‘foa CatU)Q = (50'7 8XV)Q-

3Cardoso-Ribeiro, Matignon, and Lefevre, “A partitioned finite element method for
power-preserving discretization of open systems of conservation laws”



The primal dual structure

First weak formulation: Neumann natural control

Find o € L2(Q), v € HY(Q)

(&, cOt0)a = +(E0y BuV)a, Vé, € L2(Q),
(gvu PatV)Q - _(aX€V) U)Q + (gvu uN)aQa va S Hl(Q)




The primal dual structure

Second weak formulation: Dirichlet natural control

Find 0 € HY(Q), v € L%(Q)

(fa: Cato')Q = _(8x§0, U)Q + (505 UD)@Qv véd € HI(Q)a
(€v, pOrv)a = +(§v, Ox0)a, Ve, € L2(Q).




Finite element basis

The basis for the two variables need to be different to avoid spurious mode

Ny Ny
o(x,t) =) wp(x)ailt),  vlx,t) =) @y (x)vi(t)
i=1 i=1

The bases functions span the corresponding finite element space

ceS= span{so},, e 7809"’}7
velVy= span{soﬁ, cee s@y%



Choice of the finite element basis (Neumann control)

In this formulation
> v € H(Q). Lagrange elements (just like in the static case) can be used.
» o € L?(Q). Which finite element space to choose?

Remind the second equation reads
(50’7 Cata)ﬂ - (50’7 aXV)Q'
For this equation to hold pointwise, the finite element space should satisfy

Y CS, = c0O;o = 0yv, (if ¢ is smooth).



The derivative of a Lagrange space

¥3
1
@
1 8X SD3
Ax ; ‘
0—6‘ ———————— #————————‘D—O—>




The Discontinous Galerkin space DG




The Discontinous Galerkin space D(q

®1




The Discontinous Galerkin space D(q

P2




The Discontinous Galerkin space D(q

®3




The Discontinous Galerkin space D(q

2




The Discontinous Galerkin space D(q

lT 1 P2 ©3 P4

It holds OxIL1 C DGg. This choice guarantees stability of the formulation.

This is a particular instance of a much more general mathematical construction
(subcomplex of an Hilbert complex).



Algebraic system: dynamics
Formulation with Neumann natural control
MZ 0]d/s\_ | 0O Dj/s + 0
0 Myjdar\v) " |-DT of\v) " [T |"
s
yp = [0 Tr| (v)

The matrices are computed as follows

L

L ;
i i Opv
CQDJ'QO{TCIX, [D]U:/O Po i] dx.

L
MY = / oo dx, M)y = /
0 0 8

Tr is a trace matrix



The dual formulation

For the 1D wave equation, the dual formulation is completely symmetrical.

Formulation with Dirichlet natural control
MZ 0]d [s 0 -DT] /s Tr,
. = + up,
0 M; dt \v D 0 v 0

yn = [Tr, 0] <‘s’> .

Tr, is the normal trace matrix

Tr,,:[_l 0o ... O]

o ... 0 1|°



Mixed boundary conditions

Partition of the boundary Q2 =Ty UTp (in 1D each subpartition is 1 point).

UNZO’-n|rN, uD:v]rD.

Then the resulting system is a DAE (differential algebraic equation).



Mixed boundary conditions

Partition of the boundary Q2 =Ty UTp (in 1D each subpartition is 1 point).

uy =0 - "|rN,

up = V’rD.

Then the resulting system is a DAE (differential algebraic equation).

Primal formulation (mixed control)

Diag

MO’

Cc

M3

dt




Mixed boundary conditions
Partition of the boundary Q2 =Ty UTp (in 1D each subpartition is 1 point).
UN:O’-n|rN, uD:vh—D.
Then the resulting system is a DAE (differential algebraic equation).

Dual formulation (mixed control)

MZ] o (s 0 -D" T /s Tror, O o
Diag | M} N D 0 0 v |+ 0 0 (u >a
0 Ap ~Trory O 0 Ap o 1 "

w\ _ [Trar, 0 0] (2
w) o o1\




Preservation of the power balance

For both the primal and the dual formulation, the energy is given by

1 1
H= EVTM;V + ESTMCJS.

For the different causalities, the time derivative gives

Neumann control :  H =yp - uy,

Dirichlet control :  H =ypy - up,

Mixed control :  H = YN - Up + YD - up.



Time integration and equivalence between different formulations

Since the obtained system is Hamiltonian the same scheme detailed before can be
used.

The primal port-Hamiltonian formulation is equivalent to the Lagrangian

formulation if the longitudinal displacement is reconstructed via the trapezoidal rule*

qn+1 — qn + Atvn+%.

*Brugnoli and Mehrmann, “On the discrete equivalence of Lagrangian, Hamiltonian and mixed
finite element formulations for linear wave phenomena”.



Summarizing

This framework is based on system theory to describe interaction with the
environment:

» it formalizes the idea of interconnection by treating the boundary conditions as
input/output;

» it highlights the primal-dual structure of physical systems;

P it applies to multi-physical phenomena;

» numerical schemes can take inspiration from system theory (finite elements are
also based on the idea of interconnection);



Summarizing

This framework is based on system theory to describe interaction with the
environment:

» it formalizes the idea of interconnection by treating the boundary conditions as
input/output;

» it highlights the primal-dual structure of physical systems;

P it applies to multi-physical phenomena;

» numerical schemes can take inspiration from system theory (finite elements are
also based on the idea of interconnection);



Mixed boundary conditions via interconnection

Consider again the cantilever bar

| ——
Q o-n(L)
v(0)

The system can be split into two parts with opposite causalities

L2 L2
| | -~ —
PN VAN o -n(L/2) o - n(L)



Cantilever bar as two interconnected systems

The cantilever bar is then obtained by interconnection

o -n(0)

|
o(Lf2) | dww AN
v(0) (L2}
/HN
< -
v(L) o-n(L/2) o-n(L)




Algebraic interconnection

The left part (1) is described by the dual formulation (Dirichlet bcs)

Mix; = Jix; + Byu,
y = BlTxl.

The right part (r) is described by the primal formulation (Neumann bcs)

M.x, = J;x; + B.u,
y =B/ x,.

The interconnection is essentially Newton's third law

u=y, The velocity is the same,

u= -y, The forces are opposite.



Interconnected system

The interconnected system can be written as follows

M O X/ . J +BlB;r X/
0 M, \x/) [-BB/ I xr)

All the boundary conditions are weakly enforced.



Summary

To go further: the RY case



Multidimensional wave equation

Wave equation in Q C R? (0, becomes the Laplacian)

[c 0] K (a) B [ 0 grad} (a>
0 p| ot \v div 0 v)’
Two different input causality
» Neumann control uy = o - nlsa, yp = v]sa-
» Dirichlet control up = v]gpa, yn =0 - nl|sq.
Input and output are now infinite dimensional:
> vipa € HY2(0Q) = tr(HY(Q)) := {u € [2(0Q) | Iv € HY(Q) : tr(v) = u},
> o njsq € H1/2(9Q) the corresponding dual space.

The following space is also needed:

HWV(Q) = {o € [2(Q,RY) | div(e) € L*(Q)}.



Weak formulations

In higher space dimensions, the two formulations are not symmetrical anymore.



Weak formulations
In higher space dimensions, the two formulations are not symmetrical anymore.

First weak formulation: Neumann control

Find o € L2(Q,RY9), v € HY(Q) such that

(&5, cOro)q = +(&s, grad v)q, V€, € L2(Q,Rd),
(&, pOev)a = —(grad &y, o)a + (&, un)an, V& € HY(Q),
(€o: yp)aa = (§a; V)oa, VEy € HY2(0Q).




Weak formulations
In higher space dimensions, the two formulations are not symmetrical anymore.

Second weak formulation: Dirichlet control

Find o € HV(Q), v € L?(Q) such that

(éo’v Cato-)ﬂ = —(dIV 50’7 V)Q + (€O' : n7 UD)&SL VSO’ € Hdiv(Q?Rd)a
(&5, pO:v)a = +(&p, diva)q, Ve, € L3(Q),
(€0, yn)oa = (&, o - Moq, VEy € HY2(89Q).




Finite element spaces

For the coenergy variable o, we need to use a vector valued space

Ng Ny
o(x. 1) =Y @h(x)ep(t),  v(x.t) =) ¢l (x)V(t).
i=1 i=1

The input and output are discretized using the same basis.
Neumann control

Nj No
un(s, t) =Y eh(x)ub(t),  yp(s.t) =D h(x)yi(t),
=1 i=1

where s designates a coordinate parametrization of the boundary.

N,
un, ¥p € &9 = span{p}, ..., 05" }.

This guarantees that collocated input and output matrices are obtained.



Finite element spaces

For the coenergy variable o, we need to use a vector valued space

Ng Ny
o(x. 1) =Y @h(x)ep(t),  v(x.t) =) ¢l (x)V(t).
i=1 i=1

The input and output are discretized using the same basis.
Dirichlet control

Ny No
up(s,t) =Y @h(s)up(t),  yn(s,t) =D eh(s)ya(t),
i=1 i=1

where s designates a coordinate parametrization of the boundary.

N,
up, yn € & = span{p}, ..., 05" }.

This guarantees that collocated input and output matrices are obtained.



Choice of the finite element basis (Neumann control)

Neumann control: (&,, c0:0)q = (&, grad v)q, gradV C S.



Choice of the finite element basis (Neumann control)

Neumann control: (&,, c0:0)q = (&, grad v)q, gradV C S.

rad
g 2 copies

LLi-element: DGgp-element:

> K = triangle, > K = triangle,

> Py = {ao + a1x + azy}, > Py = {ao},
» Y« := {evaluation on vertices}. » 3 := {evaluation on centroid}.



Choice of the finite element basis (Neumann control)

Neumann control: (&,, c0:0)q = (&, grad v)q, gradV C S.
rad
g 2 copies
...
LLy-element: DG1-element:
> K = triangle, > K = triangle,
> Py={ -+ a3x® + asxy + asy?}, > Px:={ag+ aix + axy},

» Y, := {evaluation on vertices and midpoints}. ~ » X := {evaluation on 3 nodes}.



Choice of the finite element basis (Dirichlet control)
Dirichlet control: (&5, p0:v)q = (&p, divo)q, divS C V.



Choice of the finite element basis (Dirichlet control)
Dirichlet control: (&5, p0:v)q = (&p, divo)q, divS C V.

%\%.

RTy (Raviart Thomas)-element:

DGo-element:
> K = triangle, > K = triangle,

g R S

i > > i := {evaluation on centroid}.
» > := {integrals over faces}. { J



Finite element exterior calculus
To obtain stable formulations, finite element exterior calculus can be used®.

The Whitney forms (1957).

» connection with differential geometry (coordinate free treatment);
» unifying framework for physics;

» clear separation of topological and metrical operations.

®Brugnoli, Rashad, and Stramigioli, “Dual field structure-preserving discretization of
port-Hamiltonian systems using finite element exterior calculus”.



Algebraic systems

Formulation with Neumann control

MZ 07d s\ [ 0 Dgul(s) [O0],
0 Myjde\v) |-Dl, 0 |\v B,|

Moyp = [0 B/] (‘;) :

The matrices are computed as follows
Doy = [ @h-gradoja (Bl = [ clghar.

Matrix B, can be decomposed using the trace matrix B, = TrT\IlV.



Algebraic systems

Formulation with Dirichlet control
MZ 0| d (s 0 -Dj,] /(s B,
v qL - + uD7
0 Mp dt \v Ddiv 0 \'} 0

Maoyn = [B] 0] (‘sl) :

.

The matrices are computed as follows

Danly = [ cldviel a2 [Boly= [ (¢)-m) o

Matrix B, can be decomposed using the trace matrix B, = T,



Mixed boundary control

grad formulation (mixed control)

MIT g (s 0 Dgrad 0 s 0 0 u
Dlag Mg a v = 7D;‘ad 0 BVID v + Bv,rN 0 <Ug> )
0 An 0 -Bl, 0 |\A 0 M,

\'}
Mr, 0 | (yo\_[0 B, O )
0 MrD YN 0 0 MrD A

N

For solvability, matrix B, r, should satisfy an inf-sup condition.

-
v B,r,A
inf  sup vTp 2N

T =0 >0, v#E0 Ay #0.
AveRM yerm |[v][2][An] |2 ? ?

The coefficient 3, is the smallest singular value of B, r,.



Mixed boundary control

M s 0 -DJ, Bor,] /s Bor, O
MY di v]|=| D& 0 0 v]|+| 0o o (ZD)
0|\ -B] 0 0 Ao 0 M, |\

oMy

)P (3
0 MrN YD 0 0 MrN >\D ’

. J

Diag

For solvability, matrix B, r, should satisfy an inf-sup condition.

"B, A

> /80 > 07 v 0’ )\N 0.
ApeRNo yepro |[V][2]|AD]|2 7 7

The coefficient 3, is the smallest singular value of B, .



Power Flow

The discrete systems satisfy:

Neumann control :
Dirichlet control :

Mixed control :

H = y—DrMauNy
H = yyMaup,
H = yyMr up + y,Mr, up.
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