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A matter of representation: equivalent formulations for wave equations



When are two things equivalent?

Arena Colosseum

The Arena is a smaller version of the Colosseum,
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When are two things equivalent?
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Arena Colosseum

and still hosts concerts and lyrical spectacles.
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Equivalent representation of mechanics: the wave equation

poq =V - (kVq), Vg - n|pq =0.
The total energy comprises the kinetic end potential energy

1/ . 1
T(q) = 2/ pg*dQ,  U(q) = 2/ k|[Vg|[dQ.
Q Q

Different visions of the same equation

» Lagrangian formalism: the motion minimizes

S@= [ Lt Ua)=T(@) - U,

t
» Hamiltonian formalism: the motion minimizes

S(a.p)= [ (b~ H)it  H(a.p) = T(p) + V(o).

t
The Hamiltonian is the Legendre transform of the Lagrangian
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Variational characterization

Euler Lagrange equations

The minimization of S(q) leads to Euler-Lagrange equations

dsL 6L SL SL
: 0, g P 5 V- (kVq)

Hamilton's equations

The minimization of S(q, p) leads to Hamilton's equations

-0 520 ea
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Equivalent representation of mechanics: the Maxwell equations

A= -V x(ulVxA), (VxA)xn|p=0.
The total energy comprises the electric end magnetic energy

1

1 . _
T(a) =5 [lAPaR. ) = [V < Alfas

where A is the magnetic potential, satisfying A = —E.

Different visions of the same equation

» Lagrangian formalism: the motion minimizes

2

S(A) = / Ldt, L(A) = T(A) — U(A).
t

» Hamiltonian formalism: the motion minimizes (Y = cA)

S(A,Y) = /t2(Y CA—H)dt,  H(A,Y) = T(Y)+ U(A).

t1
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Variational characterization

Euler Lagrange equations

The minimization of S(A) leads to Euler-Lagrange equations

d oL 4L 6L . 6L 1
aﬁ_ﬁ_’ a_5A7 5—A_V><(u V x A).

Hamilton’s equations

The minimization of S(A, Y) leads to Hamilton's equations

IS s R
A I' 0] [0aH]"  §aH=V x (u"1V x A).
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Port-Hamiltonian derivation

The derivation of the equations of motion in port-Hamiltonian can be achieved via
Hamiltonian reduction?.
Writing the wave equation using the velocity and stress field, one obtains

L -2 ) s

Writing the Maxwell equations using the electric and magnetic fields, one obtains

s Lo S e

!Rashad and Stramigioli, “The port-Hamiltonian structure of continuum mechanics” .
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Outline

Discrete equivalence of Lagrangian and Hamiltonian forms



Finite element semi-discretization
Classical discretization of the wave equation: find g € Vjo(grad) such that

(Yn, pan)a = —(Vibn, kVap)a  for all i, € Vi(grad).

The discrete Lagrangian form reads
Mq + Kq = 0.

The discrete Hamiltonian equations are given by

p\ _[0 —I1][M™' 0] (p P (PO S N
(q)‘[l oHo K| \q): =3P M ptiakKa

\.

Remark: we can equivalently rewrite using the velocity

M1 R e etk
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Time integration in Lagrangian dynamics
The finite element discretization of the wave equation leads to the system

Mq + Kgq = 0.
For Lagrangian dynamics the most well known integrator is the Newmark scheme?:

Man+1 + an+1 — 0’

n+1 _ n
% =7a"" 4+ (1-~)a",
n+l1 _ 4n At
% = Vn -+ 7(25a"+1 + (1 — 2/8)3,1)

Two common choices:
> v = %, B = 0: Explicit Newmark (or Leapfrog scheme, or centered differences).

> = %, 8= %: Implicit Newmark (or implicit midpoint).

2Kane et al., “Variational integrators and the Newmark algorithm for conservative and dissipative

mechanical systems” .
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Time integration in Hamiltonian dynamics: Stormer Verlet

The explicit Newmark scheme is equivalent the Stéormer-Verlet in Hamiltonian

dynamics
1 1
pn+§ _ p”_E
ar - Kb
qn+1 _ qn 1
M At = pn+2

9/21



Time integration in Hamiltonian dynamics: implicit midpoint

The implicit Newmark scheme scheme is equivalent to the implicit midpoint

i I 0 pn+1_pn - pn+%
At [0 M| \g"™" —q") | _Kq"+2 )’

A T 2
qn qn+2 qn+ qn—kf qn+
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Outline

Equivalence of Lagrangian and port-Hamiltonian discrete systems



Hamiltonian and port-Hamiltonian formulation of a two dof oscillator®

€1 k |31
A/ A two dofs oscillator is equivalent to discretizing the lon-
m 9 gitudinal wave problem with two Lagrange finite elements
of degree one and lumped mass matrix.
5] k
Y Y
m

3A. J. v. d. Schaft and Maschke, “Port-Hamiltonian Systems on Graphs'.
11/21



Hamiltonian and port-Hamiltonian formulation of a two dof oscillator®

Canonical Hamiltonian formulation

1= 1O - ().

v » p=(p1 p2)" =(mgr mao)" linear momenta;

==

m a2 » q=(q1 q2)' position of the masses;
1 0
_1 2, 1 2 _
. . > H = 5k||Dq||* + 5-||p||*, where D = [_1 1].
Remark: notice that
Y Y
m

1 1 2 -1
U= SK|Dal = a"Ka. K:k[ ]

3A. J. v. d. Schaft and Maschke, “Port-Hamiltonian Systems on Graphs'.
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Hamiltonian and port-Hamiltonian formulation of a two dof oscillator®

€1

€2

Interconnection based formulation
A graph is associated to the system:

» each node corresponds with an inertial elment;
» each edge corresponds to a spring;

D is the coincidence matrix and describes the graph topology

d (p\ [0 —-DT] (0pH
dt \e/ |D 0 O:H )~
> €= (1 &2)' spring elongations;
> H = 3k|lel]* + 55 llpl[*.

3A. J. v. d. Schaft and Maschke, “Port-Hamiltonian Systems on Graphs'.
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Hamiltonian and port-Hamiltonian formulation of a two dof oscillator®

\\\\\\\\\ w | v
Springs
€1 k | &
-DT
A
m g2 L)
Masses e
€2 k y2 uz
Y \/ . . . . . .
m This formulation corresponds to a mixed finite element dis-

cretization.

3A. J. v. d. Schaft and Maschke, “Port-Hamiltonian Systems on Graphs'.
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The primal dual structure

Primal mixed formulation

Find (vp, 04) € Vi(grad) x Wy, C H(grad) x L2 such that

(Yn, pvn)a = —(Vn, op)a, for all ¢, € Vj(grad),
(£h, Cd’)Q = (€h7 Vvh)g, for all fh S Wh.
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The primal dual structure

Dual mixed formulation

Find (vh,0h) € Wh X Vio(div) C L? x Ho(div) such that

(¥n, pvh)a = (¥n, V- ah)a, for all 1, € W,
(&n, co)a = —(V - &, vh)a, for all &5 € Vi o(div).
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The primal dual structure

Primal mixed formulation

Find (vp, 04) € Vi(grad) x Wy, C H(grad) x L2 such that
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Equivalence of the Lagrangian and port-Hamiltonian formulations

Proposition
Assume that
P the physical coefficients are constant;
> the finite element spaces satisfy the compatibility conditions W), C V V}(grad),

then the Lagrangian and port-Hamiltonian primal semi-discretizations are
equivalent.

Proof
Since W), C VV),(grad) the second equation of the primal formulation holds pointwise

Cd’h = Vvh

Integrating in time this equation gives back the classical finite element discretization.
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Finite element basis in 1D
For the 1D case, the primal weak formulation is: Find v € H}(Q), o € L?(Q)

(£V7 patV)Q = _(axév; J)Qv va € HI(Q)7
(&rs cO0)a = +(&, Oxv)a, V& € L2(Q).

Finite element approximation
Ny
va(x,t) =Y @l (x)vi(t),  va €V =span{p}, ..., o)}
i=1

No
on(,t) = S @l (oi(t),  one S =span{gh,.... o).
i=1

In this formulation
> v, €V C HY(Q). Lagrange elements can be used.
> o €S C L%(Q). Which finite element space to choose?
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The derivative of a Lagrange space

1 ¥3
@ @
9
ox
i 8X SD3
Ax : |
0—6‘ ———————— 9 o
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The Discontinous Galerkin space D(q
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The Discontinous Galerkin space D(q

®1
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The Discontinous Galerkin space D(q

P2
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The Discontinous Galerkin space D(q

®3
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The Discontinous Galerkin space D(q

2
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The Discontinous Galerkin space D(q

lT 1 P2 ©3 P4

It holds OxIL1 C DGg. This choice guarantees stability of the formulation.

This is a particular instance of a much more general mathematical construction
(subcomplex of an Hilbert complex).
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Algebraic equivalence (lowest order FE basis L;, DGy)

Largangian form
Mq + Kq = 0.

Primal port-Hamiltonian form

5 i ()=l T )6)

where h is the mesh-size. D is the coincidence matrix of the mesh:

-1 1 0 O
D=|0 -1 1 0}, where #elements = 3
0 0 -11
Is is related to the stiffness matrix by
1
K=_-D'D.
ch
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Choice of the finite element basis in 2D

Primal formulation: (&,, c0:0)q = (&5, grad v)q, gradV C S.
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Choice of the finite element basis in 2D

Primal formulation: (&,, c0:0)q = (&5, grad v)q, gradV C S.

rad
g 2 copies

LLi-element: DGgp-element:

> K = triangle, > K = triangle,

> Py = {ao + a1 x + azy}, > Py = {30},
» 3« := {evaluation on vertices}. » 3 := {evaluation on centroid}.
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Choice of the finite element basis in 2D

Primal formulation: (&,, c0:0)q = (&5, grad v)q, gradV C S.

grad 2 copies
...
L>-element: DG1-element:
> K = triangle, > K = triangle,
> Py = { -+ a3x®+ asxy + asy?}, > Py :={ao+ aix + axy},
» ¥, := {evaluation on vertices and midpoints}. ~ » X := {evaluation on 3 nodes}.
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Finite element exterior calculus

To obtain stable formulations, finite element exterior calculus can be used.

The Whitney forms (1957).
This framework is well suited port-Hamiltonian systems®*:
» connection with differential geometry;

» clear separation of topological and metrical operations.

*Brugnoli, Rashad, and Stramigioli, “Dual field structure-preserving discretization of

port-Hamiltonian systems using finite element exterior calculus”.
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Time integration and equivalence between different formulations

Proposition
Assume two equivalent time integration method are used for the Lagrangian and

port-Hamiltonian form.
The primal port-Hamiltonian formulation is equivalent to the Lagrangian
formulation if the displacement is reconstructed via the trapezoidal rule

qn+1 — qn + AtV’H—%.
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Conclusion

Classical Lagrangian FE discretization are equivalent to pH discretization when:
P> the same time integrator is used;
» the primal FE formulation is used to discretize the port-Hamiltonian dynamics;
» the reduced variable (the displacement) is reconstructed to the trapezoidal rule.

What about the equivalence when iterative solver are used®?

Recent developments® present a unifying framework by introducing Lagrangian
subspaces (or Lagrangian submanifolds).

Github repository: https://github.com/a-brugnoli/tutorial-port-hamiltonian

®Giidiicii et al., “On Non-Hermitian Positive (Semi)Definite Linear Algebraic Systems Arising from
Dissipative Hamiltonian DAEs".

®Mehrmann and A. v. d. Schaft, “Differential-algebraic systems with dissipative Hamiltonian
structure”.
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https://github.com/a-brugnoli/tutorial-port-hamiltonian

Bibliography |

[

) & (=) (=) =)

Brugnoli, Andrea, Ramy Rashad, and Stefano Stramigioli. “Dual field structure-preserving
discretization of port-Hamiltonian systems using finite element exterior calculus”. In:
Journal of Computational Physics 471 (2022). 1ssN: 0021-9991. por:
10.1016/j.jcp.2022.111601.

Giidiicii, Candan et al. “On Non-Hermitian Positive (Semi)Definite Linear Algebraic Systems
Arising from Dissipative Hamiltonian DAEs”. In: SIAM Journal on Scientific Computing 44.4
(2022), A2871-A2894. DOI: 10.1137/21M1458594.

Kane, C. et al. “Variational integrators and the Newmark algorithm for conservative and
dissipative mechanical systems”. In: International Journal for Numerical Methods in Engineering
49.10 (2000), pp. 1295-1325.

Mehrmann, V. and A.J. van der Schaft. “Differential-algebraic systems with dissipative
Hamiltonian structure”. In: Mathematics of Control, Signals and Systems (2023). por:
https://doi.org/10.1007/s00498-023-00349-2. URL: http://arxiv.org/abs/2208.02737.
Rashad, Ramy and Stefano Stramigioli. “The port-Hamiltonian structure of continuum
mechanics”. In: arXiv preprint arXiv:2404.12078 (2024).

Schaft, A. J. van der and B. M. Maschke. “Port-Hamiltonian Systems on Graphs". In:
SIAM Journal on Control and Optimization 51.2 (2013), pp. 906-937. DOI: 10.1137/110840091.



https://doi.org/10.1016/j.jcp.2022.111601
https://doi.org/10.1137/21M1458594
https://doi.org/https://doi.org/10.1007/s00498-023-00349-2
http://arxiv.org/abs/2208.02737
https://doi.org/10.1137/110840091

	A matter of representation: equivalent formulations for wave equations
	Discrete equivalence of Lagrangian and Hamiltonian forms
	Equivalence of Lagrangian and port-Hamiltonian discrete systems
	References

